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Abstract

Every measurement of the physical world is affected by uncertainty, no matter
how precise the available instruments are. In other words, a measure completely
free of errors is not possible. Being able to quantify this uncertainty, or, equiva-
lently, the distribution of the errors is of the most fundamental importance, as it
determines the validity of any experiment or procedure.

The Coherent Pixel Technique (CPT) is a technique developed by the Remote
Sensing Laboratory (RSLab) of Universidad Politécnica de Catalunya (UPC) for
the interferometric processing of satellite data. The objectives of CPT are the
generation of altimetry and land displacement velocity maps, starting from the
Synthetic Aperture Radar (SAR) acquisitions. The phase of these complex im-
ages already contains topographic information on the illuminated area. From it,
the Persistent Scatter Interferometry (PSI) methodology allows the creation of
deformation velocity maps over the interest area.

This work studies in depth part of the CPT technique, in the context of ter-
rain deformation analysis. In particular, it is necessary for the final user to have
a measure of the uncertainty on the results. This work addresses the problem
for the specific case of the CPT, providing maps of the uncertainty that help to
determine the reliability of each pixel.
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Chapter 1

Introduction

Remote Sensing (RS) is a wide field of engineering that conjugates signal pro-
cessing, antenna theory and physics to get information on objects without the
need for a physical contact. Remote sensing techniques have a broad spectrum
of applications, ranging from medicine to geoscience. Focusing on the latter, the
scope of this thesis is the interferometric processing of satellite images through
which data on the terrain deformation and topography can be obtained.

Many European and international spaceborne missions have been active for sev-
eral decades and the constellations of satellites that constantly monitor the Earth
have been increasing in number. This gives access to governments and organiza-
tions to data on the salinity of the oceans, on the sole humidity, on land subsidence
in high risk zones such as mines, fracking sites, areas hit by landslides and earth-
quakes and on the structural integrity of bridges and buildings in general.

In this section a brief and general introduction on basic RS concepts is given,
followed by an overview of the structure of the thesis.

The RS techniques can be grouped in two main categories, according to their
working principle:

• Passive RS: the sensor collects information on the target environment pas-
sively, i.e., without radiating any wave. This method allows to investigate
the radiometric characteristics of the objects, leading for instance to hu-
midity and sole composition analysis or to ocean salinity measurements;

• Active RS: the sensor emits electromagnetic waves in the direction of the
target in order to retrieve information by analysing the reflected wave. To-
pographic mapping and ground deformation monitoring are two of the main
applications. For these applications, Radio Detection and Ranging (Radar)
systems occupy a special place among the active sensors.

As this work deals with topographic measurements, only radars will be considered.

The main parameters that are used in topographic studies are

3



1. INTRODUCTION

• for static scenarios, terrain elevation. The altimetry maps are called Digital
Elevation Models (DEM) and can be obtained exploiting the phase differ-
ence in the backscattered signals through a technique called interferometry,
that will be briefly analyzed in the following chapter;

• for dynamic scenarios, subsidence or uplifting velocity. Among the different
available techniques, the focus will be on the Persistent Scatterer Interfer-
ometry (PSI), also known as Differential SAR Interferometry (DInSAR),
that allows velocity measurements by comparing two interferometric im-
ages.

All PSI processing chains allow also the retrieval of a third parameter, the DEM
error, that quantifies the error on the elevation model.

As in any parameter estimation, the results of this algorithm - the ground veloc-
ity and the DEM error - present a level of uncertainty, usually mathematically
characterized through the standard deviation. The main objective of this work
is to quantify the uncertainty or error on the velocity and DEM error. On one
hand, this allows the final user to obtain a measure of reliability on the results
provided by CPT, identifying the candidate pixels to be discarded. On the other
hand, the analysis of the distribution of the standard deviation in relation to the
topography of the processed pixels brings some insights of what are the most
important parameters to take into account when using the PSI algorithms.

The structure of the thesis can be divided in two main parts: the first 4 chap-
ters explain the underlying principles of interferometry and PSI as well as the
functioning of the CPT algorithm. The last two chapters present the analysis of
the error propagation through the algorithm, introducing first the general theory
of uncertainty propagation, followed by its application to the specific algorithm
and concluding with the testing on a simulated and on a realistic scenario. The
chosen area for the experimental evaluation is the city of Venice, that presents
some interesting topographic characteristics.
More specifically,

• Chapter 2 starts by introducing the Synthetic Aperture Radar (SAR) tech-
nique, a fundamental concept that makes the acquisition of images through
small antennas, and therefore through spaceborne radars, feasible. With-
out giving all the details, the interferometry and PSI techniques are then
presented.

• In Chapter 3 the analysis of the interferometric phase is carried out. As it
will become clear throughout the following chapters, the phase is the most
important parameter in the interferometric processing as all the information
that need to be estimated can be recovered from it.

• Chapter 4 gives an outline of the CPT algorithm, fundamental for the
understanding of the procedures and obtained results.

4



• Chapter 5 introduces the theoretical framework for the propagation of the
error through the operations that are performed on the data in the CPT
processing chain. The derived mathematical tools are then applied specif-
ically to the various steps of the algorithm, obtaining for each the output
covariance matrix from the input one. A first validation of the theoretical
results is performed on a simulated scenario.

• Finally, in Chapter 6 the software developed in the previous pages is tested
on a real environment, the city of Venice, that suffers of a slow subsidence
and presents a particular and interesting topology.

5
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Chapter 2

Synthetic Aperture Radars and
Interferometry bases

This chapter outlines the motivation behind and the general principles of the
Synthetic Aperture Radars. The geometry of the considered scenario and the
general methodology that allows the retrieval of useful information from the SAR
raw data are presented.

After a brief list of the different acquisition modes, the distortions due to the
geometric characteristics of the environment are briefly presented. Finally, the
basic ideas behind standard and differential interferometric processing are pre-
sented.

7



2. SYNTHETIC APERTURE RADARS AND INTERFEROMETRY BASES

2.1 System description

As the name ”RAdio Detection And Ranging” suggests, radars work as range
measuring devices. Although it may appear like a trivial task, from distance
measurements several information can be obtained after the proper processing,
as it will become clear along the development of this thesis.

As already mentioned, active remote sensing acquires data by emitting an electro-
magnetic pulse and analyzing thereafter the backscattered response of the targets.
Consider a sensor mounted on an aircraft or on a satellite. The direction along
which the sensor moves is called azimuth and the one orthogonal to it range. In
particular, it is possible to distinguish between slant and ground range, the former
being the direction travelled by the radiated pulse and the latter its projection
on the ground plane. Figure 2.1 clarifies the geometry of the system.

Figure 2.1: SAR acquisition geometry.

This kind of Radar sensors is called Side Looking Real Aperture Radar (SLAR).
Starting with a brief analysis of the SLAR functioning principles, it is possible to
build the theoretical foundations of the more advanced SAR technique and the
motivations behind it.

The area illuminated by the radiated wave is called footprint of the antenna.
The subsequent footprints trace the swath, i.e., the area acquired by the antenna
as it moves. The dimensions of its axes, namely S in range and Xa in azimuth,
depend on the radiation pattern of the antenna. Observing the geometry of the
system as depicted in figure 2.1, goniometric considerations lead to{

S ≈ hθr
cos2(θ)

Xa ≈ hθa
cos(θ)

(2.1)

8



2.1 SYSTEM DESCRIPTION

being h the height of the satellite, θr and θa the antenna beamwidth in the range
and azimuth direction respectively and θ the off-nadir or look angle.

Considering two targets separated by a distance ∆r in the range direction as
in figure 2.2, the waves they reflect, called echoes, are separated in time by

∆t = 2
∆p

c
= 2

∆r sin(θ)

c
(2.2)

being ∆p the difference of the paths length.

Figure 2.2: Range resolution geometry.

Using pulses of duration T , the maximum resolution ∆rmin in the range direc-
tion corresponds to the minimum time separation between the echoes of the two
objects before overlapping and is

T = 2
∆rmin sin(θ)

c
=⇒ ∆rmin =

T

2 sin(θ)
c (2.3)

Using the pulse bandwidth B as reference, T ≈ 1/B leads to reasonable resolu-
tions, in the order of meters.

The azimuth resolution depends on the footprint dimension along the azimuth
direction. For an antenna of length L transmitting pulses at frequency f = c

λ

Xa ≈
hλ

L
cos θ (2.4)

9



2. SYNTHETIC APERTURE RADARS AND INTERFEROMETRY BASES

Figure 2.3: Sensor pass-by.

Considering typical incidence angles (20◦ − 50◦) and L-band frequencies, a good
azimuth resolution, comparable to the range one, can be obtained with an antenna
of dimension L in the order of kilometers. It is then clear that Real Aperture
Radars are not a feasible option for spaceborne systems.

The idea behind the Synthetic Aperture Radar is to be able to synthetize the
large aperture required for a good azimuth resolution using antennas of stan-
dard dimensions. Two approaches are possible: one, using an array of antennas
(spatial multiplexing), and the other using a moving antenna (temporal multi-
plexing). Either way, the data received at each sensor need to be processed to
coherently combine the single aquisitions and obtain a final high resolution im-
age. In the second case, that is the one of interest for this study and in general
for spaceborne settings, the combining techniques are called focusing algorithms
as they deal with placing the targets in the correct locations in the image plane.
Note that coherent combination requires, by definition, the radar echoes to be
correlated, that is the case if they are the result of the interaction with the same
scatterers or set of scatterers from similar observation conditions. Moreover, the
radars employed in interferometric applications need to be coherent, i.e., they
should provide an extremely precised control on the phase of the emitted pulses.
In the large majority of the cases, the signals are required to have the exact same
phase information when they are transmitted in the target direction.

Clearly, several acquisition techniques are possible according to the steering of
the antenna during the pass over the target area, and the combining methods
differ accordingly. In the next section a brief overview of the acquisition modes is
given while one on the combining algorithms are beyond the scope of this thesis.

Referring to figure 2.3, the synthetized length of the antenna is L′ = v ·tacq, where
v is the velocity of the platform and tacq is the time during which the target is

10



2.2 RAW DATA PROCESSING

Figure 2.4: Target plane and acquisition scenario.

illuminated. The synthetic length can be stretched to obtain higher resolutions in
the azimuth direction at the cost of a higher combination complexity: the upper
limit to the azimuth resolution or, equivalently, to the synthetic length, is set by
the focusing algorithms and by the related errors.
Aside from the focusing, several other procedures are necessary to estimate pre-
cisely the position of the satellite and its trajectory as well as to compensate the
effects related to the radiation pattern of the antenna. The following section of-
fers a brief explanation of the main ideas that are behind the extraction of useful
information from the data received at the antenna, referred to as raw data.

2.2 Raw data processing

Differently from optical sensors, the raw data acquired by SAR systems doesn’t
offer any useful visualization. In this section a brief mathematical analysis de-
scribes the structure of the signals involved in the SAR imaging systems and the
problems related to the focusing algorithms.

Consider a general scenario as the one depicted in fig. 2.4, where the sensor moves
along the u axis and n targets are distributed in the (x, y) plane. Note that the
u and y axes coincide, but two symbols are used to take into account their dif-
ferent meanings. For simplicity, the targets are represented by point reflectors
of reflectivity σi. Suppose that the radar illuminates an area with a large band-
width signal p(t). As the radar moves, it keeps radiating pulses in the direction
of the target with a given Pulse Repetition Frequency (PRF). For simplicity, the
antenna is assumed to be ominidirectional so the target is always illuminated.

11



2. SYNTHETIC APERTURE RADARS AND INTERFEROMETRY BASES

The SAR sensors usually work with chirp signals, a cathegory of signals that are
characterized by a time-dependent instantaneous frequency f = αt, where α is
known as chirp rate. For a pulse of duration τ , the signal bandwith is B = τα,
allowing the chirp signals to have an extremely large bandwidth without the strict
constraints on the time duration that other kinds of signals would impose.
The backscattered signal received by the sensor at time t and azimuth position u
is

s(t, u) =
n∑
i=1

σip
[
t− τ deli (u)

]
(2.5)

where τ deli (u) is the (2-way) round trip delay of the signal reflected by the i-th
target, that varies with the position of the sensor according to

τ deli (u) = 2

√
x2
i + (yi − u)2

c
(2.6)

Clearly, the same dependance on the relative position between the sensor and the
target can be found also in the range slant-range coordinate of the target, that
changes as the platform moves:

Ri(u) =
√
x2
i + (yi − u)2 = c

τ deli (u)

2
(2.7)

Ri(u) is minimum when u = yi, that is, when the azimuth position of the sensor
coincides with the y coordinate of the target. This point is called Closest Point
of Approach (CPA). As shown in fig. 2.5 the (u, t) plane, the slant-range dis-
tance Ri(u), or, equivalently, the time delay τ deli (u), for the i-th target describes
a half-hyperbola that causes the Range Cell Migration (RCM), i.e., the response
of a target appears in different resolution cells. This complicates the processing,
as the signals received from different targets overlap. This is the main factor that
makes the raw data image unreadable by its own.

Several techniques exist that can separate and remap the target responses to
the proper resolution cells. One of the most basic is the two dimensional filter-
ing: first, a filter is applied in the range direction, performing the so called ”range
compression”. A second filter is then applied in the azimuth domain, taking into
account the already mentioned RCM that complicates the processing. Usually,
filtering is performed in the frequency domain to minimize the computational
load.

The final product of the overall processing is a complex-valued image called Single
Look Complex (SLC). For a single target, defining A ∈ R as the amplitude and
Φ as the phase, the mathematical expression of the backscattered signal after the
focusing is

V = AejΦ (2.8)

12



2.3 OVERVIEW ON THE DIFFERENT ACQUISITION MODES

Figure 2.5: The slant-range distance plotted on the (x, u) plane. The axes are ex-
pressed in normalized distance units. The considered target is in position (10, 15)
in the (x, y) plane.

For a platform transmitting a pulse at frequency f = c/λ at distance R from the
target the phase can be expressed:

Φ = −4π

λ
R + ψscatterer (2.9)

where ψscatterer is a phase term related to the physical property of the reflecting
object. It can be already observed how the phase term contains useful informa-
tion.

2.3 Overview on the different acquisition modes

As already mentioned, several configurations are available for the acquisition of
data on the target area. In this section, some of the most common acquisition
modes are briefly presented.

• Stripmap: in this mode the azimuth angle is kept constant as the satellite
moves along its track. The ground swath is illuminated by a continuous
sequence of pulses, resulting in a continous along track image quality (fig.
2.6).

13



2. SYNTHETIC APERTURE RADARS AND INTERFEROMETRY BASES

Figure 2.6: Stripmap acquisition.

• Spotlight (SPOT): the azimuth resolution is improved by steering the angle
in order to keep illuminating the target while the satellite moves, obtaining
a larger angular extent of the illumination, or, equivalently, synthetizing a
larger aperture. Note that the steering is done in the direction opposite to
the platform movement (fig. 2.7).

Figure 2.7: Spotlight acquisition.

• Scanning SAR (ScanSAR): the antenna acquires several adjacent images,
called bursts, in the range direction during the pass, obtaining a larger swath
with degraded azimuth resolution. The bursts that have the same incident
angle form a subswath, and the parallel subswaths form the extended swath.

14



2.3 OVERVIEW ON THE DIFFERENT ACQUISITION MODES

Figure 2.8: Scansar acquisition with five subswaths. The numbers indicate the
order of the bursts.

• Terrain Observation by Progressive Scans (TOPS) is a type of acquisition
mode derived from ScanSAR. Similarly to the ScanSAR, the data is ac-
quired in parallel subswaths. The main difference is that during the acqui-
sition the antenna is electronically steered not only in the range direction
but also in the along track direction, in the opposite direction with respect
to the SPOT mode (hence the name TOPS). This worsens the azimuth res-
olution but almost completely solves the problems of the ScanSAR mode,
like the scalloping and the non constant azimuth resolution.

15



2. SYNTHETIC APERTURE RADARS AND INTERFEROMETRY BASES

Figure 2.9: TOPS acquisition with 3 subswaths. The numbers indicate the order
of the bursts. Firstly, the antenna is electronically rotated in the direction in
which the platform moves, scanning part of a subswath with consecutive burst,
in this case three. Secondly, the angle of incidence is changed to the following
subswath, in the figure indicated by a different color. After having completed the
acquisition for all the subswaths, the process starts from the beginning.

16



2.4 GEOMETRIC DISTORTIONS

2.4 Geometric distortions

SAR techniques suffer of some distortions related to the geometry intrinsic in the
acquisition setup. Although they are not part of the error analysis of this work,
it is worth to briefly mention them as possible causes of problems.

As discussed at the beginning of the first section of this chapter, the main infor-
mation retrieved by the satellite sensor is the distance of the targets. For this
reason in all acquired images the target’s image position is shifted due to its
elevation. The target scene is projected to the so-called slant-range geometry.
According to its name, the radar measures distances; the elements of the scene
are then ordered as ”seen” by the sensor, in increasing distances. A SAR image,
after the proper processing, may look similar to an optical one, with some im-
portant differences. The main geometric distortions typical of a SAR image are
now briefly presented and the corresponding images try to clarify the concepts
according to this reasoning.
The main geometric distortions are

• foreshortening: it occurs when the radar signal reaches an object that has
a slope facing toward the radar as in Fig. 2.10. In this case, the length of
the slope would appear compressed and the target bright due to the strong
reflection.

Figure 2.10: Foreshortening geometry.

• layover: in the presence of very steep terrain, with slope larger than the
angle of incidence as in Fig. 2.11, the backscattered radiation from the top
reaches the radar before the one from the bottom, resulting in an inversion
of the two points.
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2. SYNTHETIC APERTURE RADARS AND INTERFEROMETRY BASES

Figure 2.11: Layover geometry.

• shadowing: in opposition to the foreshortening, the slope is not illuminate
by the radar, as depicted in Fig. 2.12. This results in dark or void areas in
the images.

Figure 2.12: Shadowing geometry.

As already said, these distortions are deterministic and have been extensively
studied. The focus of the thesis is rather on the stochastic errors that affect any
kind of measurements and their propagation in the processing described in the
following.

2.5 SAR Interferometry

Interferometry is a general concept that can be found in different fields, ranging
from astronomy to biology. The basic idea is to superimposed coherent signals
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2.5 SAR INTERFEROMETRY

in order to obtain information on them exploiting their phase difference. In the
specific case of SAR, this is applied to the SLC images obtained from the already
mentioned processing.

Figure 2.13: Geometry of the considered scenario.

Let Si, Sj be two SLC images acquired by the platform from two slightly differ-
ent positions, separated by a distance called interferometric baseline and at two
different times Ti, Tj. The considered geometry is pictured in Fig. 2.13. For sim-
plicity, assume that in each resolution cell only a point scatterer is present, that
is, only a target with high omnidirectional and uniform reflectivity that is stable
in time. The useful parameters for the interferometric processing are the spatial
or perpendicular baseline Bn, i.e. the normal distance between the platform po-
sitions, the radar-to-target distance R0, the distance between targets along the
perpendicular to the slant-range direction ∆p and their altitude difference ∆q.

In this scenario, the corresponding interferogram is obtained as

Ii,j = SiS
∗
j (2.10)

where the Hermitian product is performed pixelwise. From eq. (2.8), the inter-
ferometric complex signal is

Vi,j = AiAje
Φi−Φj = Ai,je

φi,j (2.11)
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where the phase variation from one resolution cell to the adjacent one is expressed
using eq. (2.9) as

φi,j = −4π

λ
(Ri −Rj) + ψscatterer,i − ψscatterer,j (2.12)

Supposing that the two targets in the two resolution cells share the same backscat-
tering properties, that is a well verified hypothesis in presence of point scatterers,
the two phase contributions ψscatterer,i, ψscatterer,j cancel out. Therefore the inter-
ferometric phase can be written, using the previously defined parameters, as

φi,j = ∆Φ = −4π

λ
(Ri −Rj) ≈ −

4π

λ

Bn∆p

R0

(2.13)

Decomposing the targets height difference ∆p in the slant-range and in the ver-
tical direction

∆p =
∆p

sin θ
+

∆p

tan θ
(2.14)

the phase expression becomes:

φi,j = −4π

λ

Bn∆q

R0 sin θ
− 4π

λ

Bn∆p

R0 tan θ
= φflat + φalt (2.15)

where φflat is the so called ”flat-Earth term”, that can be cancelled thanks to
precise orbital localization and baseline estimation (interferogram flattening),
whereas φalt contains the information about the altitude variation between the
two targets and can be used to generate Digital Elevation Models (DEM). Due
to the cyclic nature of the phase, altitude ambiguities arise: consider a height
difference ∆h between two targets in adjacent resolution cells. For ∆h > λR sin θ

2Bn
a variation of 2kπ is registered, with k ∈ Z being the number of complete 2π cy-
cles. Therefore, an unwrapping procedure, i.e. the addition of the right number
k of 2π cycles, is needed to remove the ambiguities of the φalt term and obtain
the DEM.
Notice that up to this point no atmospheric nor phase noise contribution have
been taken into account.

From an electromagnetic point of view, a simple model for the atmosphere is
an infinite number of infinitesimal or extremely small layers with different scat-
tering properties, that vary slowy from one layer to the next. These properties
change in both the temporal and spatial dimensions at a very wide range of pos-
sible rates. A precise deterministic approach is not practical, and in most cases
the atmospheric effects are modelled as random processes. This stack of layers
is traversed by the pulse emitted by the radar on the way to the target and on
the way back. The main consequence is that the backscattered signal reaches
the radar with a random delay offset, that is caused by the different speeds of
propagation in each of the medium and is generally known as Atmospheric Phase
Screen (APS). As radars estimate the distances based on the received pulse delay,
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this random term, that can change from one acquisition to the next, degrades the
performance of the system and may be considered as ”atmospheric noise”.

The complete expression of φi,j is thus

φi,j = φflat + φalt + φatm + φnoise (2.16)

While having different causes, the atmospheric and the phase noise are usually
both considered as disturbances. An in-depth analysis of their stochastic charac-
terization is carried out in chapter 3 and 5.

2.6 PSI processing

This work narrows its scope on the Differential Interferometry SAR (DInSAR)
or Persistent Scatterer Interferometry (PSI) processing. Among the several ap-
plications deriving from the analysis and the processing of SLC images and inter-
ferometers, terrain motion monitoring can be performed through PSI techniques.
Once again the key parameter is the interferometric phase, that in presence of
land deformation, e.g. after a landslide, an Earthquake or a vulcanic eruption
or in subsiding or uplifting areas, registers an additive term proportional to the
height variation between the two SLC acquisitions:

φdef =
4π

λ
d (2.17)

where d is the projection of the target displacement on the slant-range direction.
The objective of DInSAR is to estimate the variation magnitude d.
Fig. 2.14 clarifies the considered geometry.

Therefore, the overall interferometric phase is

φi,j = φflat + φalt + φatm + φnoise + φdef (2.18)

After the flattening, the terrain motion term needs to be extracted from the
residual phase. The atmosphere contribution has to be estimated in order to
discriminate the displacement term from the atmospheric one. In presence of
abrupt motion, as in the case of landslides or violent earthquakes, the φdef can
cause unwanted phase cycles. This happens if

d >
λ

2
(2.19)

and a second unwrapping procedure is needed to determine the correct displace-
ment in meters. Notice that the corresponding term does not depend on the spa-
tial baseline between acquisitions, but by its very nature is strongly dependent on
the temporal distance, called temporal baseline, between them. It is evident for
instance that ”fast” events can be detected with a short temporal baseline while
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2. SYNTHETIC APERTURE RADARS AND INTERFEROMETRY BASES

Figure 2.14: Acquisition geometry in presence of ground subsidence.

low velocity phenomena necessarily require a larger time span. This distinction is
reflected in two different classes of DInSAR procedures, namely classic DInSAR
and advanced DInSAR. The reason for this distinction resides in the fact that
when using large temporal baselines new issues arise: for instance, the phase noise
increases due to temporal decorrelation effects, as explained in the next chapter.

Chapter 4 gives a more technical and in-depth description of the PSI chain as
implemented in the CPT software.
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Chapter 3

Stochastic characterization of the
interferometric phase noise

Given the considerations of the previous chapter, it is clear that the phase of the
interferograms plays a fundamental role in the PSI processing. As explained, the
useful interferometric phase can be written according to (2.18) as

φi,j = φflat + φalt + φatm + φnoise + φdef → φPSIi,j = φnoise + φdef (3.1)

where the last expression is obtained through the already detailed procedures.
Recalling that the PSI objective is to estimate the deformation, the residual
phase can be interpreted using the classical signal plus addictive noise model,
that is well known in the telecommunication and signal processing environments.
In this chapter, the stochastic properties of the phase are analysed. This allows
to introduce the main aleatory sources of errors, whose impact is propagated step
by step through the CPT in chapter 5. Finally, a brief list of quality estimators
is presented.
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PHASE NOISE

Figure 3.1: Phasors related to each scatterer in a resolution cell.

3.1 Statistics of a resolution cell

Starting from the very beginning of the processing, the complex probability den-
sity function (PDF) of a SAR resolution cell is derived. From it the PDF of an
interferometric resolution cell is obtained and eventually the error distributions
are analyzed.

3.1.1 Stochastic characterization

SAR resolution cell In SAR systems the size of a resolution cell is many
orders of magnitude larger than the signal wavelength. This implies that a res-
olution cell may contain several targets with different backscattering properties,
whose individual contribution cannot be identified. This is the case for the dis-
tributed scatterers, whose properties will be analysed in the following together
with another kind of target, the point scatterer.

As each of the individual contributions is a complex value, a phasor visualiza-
tion can help understanding the problem: as it can be observed in Fig. 3.1, the
overall response is the result of the superposition of terms that, being highly
unpredictable, can be considered fully random. This leads to the phenomenon
known as speckle, i.e. the SAR images appearing ”grainy”. An example of speckle
is reported in Fig. ??, where the noise can be clearly observed. A common solu-
tion is to apply a multilook procedure, that sacrifices some resolution to cancel
out the random contributions in order to obtain a cleaner image. Several mul-
tilook techniques exists, but in general they involve the inchoerent averaging of
patches of resolution cells. In Fig. 3.2 the effect of the multilook is shown: on
one hand the different resolution, and on the other, the great reduction of the
speckle noise. More advanced techniques are available to decrease the noise the
minimum resolution loss.
Mathematically, each small scatterer i accounts for a complex term in the reflected
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3.1 STATISTICS OF A RESOLUTION CELL

Figure 3.2: SLC phase before (left) and after (right) the application of multilook.

signal, this latter being the sum (superposition) of all of them:

single scatterer: Aie
jψi =⇒ backscattered signal:

N∑
i=0

Aie
jψi (3.2)

Following this approach and considering each contribution in each SAR image as
a random variable, it would be natural to derive the total response applying the
central limit theorem. This can be done if the following assumptions hold [3]:

• No single dominant scatterer is present in a resolution cell. This is generally
true for most of the natural scatterers;

• The phase of the scatterers are i.i.d. random variables uniformly distributed
in [−π; π];

• The phase and the amplitude of every scatterer are uncorrelated.

Under these conditions and considering the fact that the images are 2D complex
random variables, the central limit theorem implies that the overall backscattered
signal is distributed as a complex circular Gaussian variable, whose PDF is, being
σ2 the variance:

p(y) =
1

2πσ2
e−

(<(y))2+(=(y))2

2σ2 (3.3)

that also implies that the real and imaginary part of y are uncorrelated. For
y = <(y) + =(y) = Aejψ the PDFs for the amplitude and the phase can be

25
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derived finding first the joint distribution through the Jacobian

p (A,ψ) =

{
A

2πσ2 e
− A2

2σ2 for A ≥ 0 and − π ≤ ψ < π

0 otherwise
(3.4)

and then, by marginalization, the amplitude PDF:

p (A) =

{
A
σ2 e
− A2

2σ2 for A ≥ 0

0 otherwise
(3.5)

and the phase PDF:

p (ψ) =

{
1

2π
for − π ≤ ψ < π

0 otherwise
(3.6)

Note that the former is a Rayleigh distribution while the latter confirms the ini-
tial assumption of uniformity. Also, it appears clear from the expressions that
the two random variables are uncorrelated.

Interferometric resolution cell As the interferograms are computed as in
(2.10), their PDF is the distribution of the product of two circular Gaussian
random variables Si, Sj with zero mean and variance σi = σj. First, it is necessary
to introduce the complex correlation coefficient (or complex coherence) γ between
Si and Sj, defined as

γ =
E
[
SiS

∗
j

]√
E
[
|Si|2

]
E
[
|Sj|2

] = |γ| ejφ0 . (3.7)

Notice that the definition of coherence closely resembles the way to compute the
interferograms: this implies that the phase φ0 of the coherence represents the ex-
pected value of the interferometric phase. Therefore, it can be already observed
how the coherence can be interpreted as a phase quality measure; in particular,
as it will be clarified in the following chapters, the magnitude |γ| is a measure of
the phase noise.
Finally, note that the computation of the coherence involves expected values E[·],
that in practice are rarely if not never available, as they require an infinite or large
number of realizations with the exact same acquisition geometry. Several estima-
tors exist for the coherence [5], [6], [7], under the assumptions that the images
are stationary over time and ergodic over the same scenes.

In order to characterize the interferogram properties more precisely, the joint
distribution of Si and Sj is computed. It has been shown that, given a complex
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3.1 STATISTICS OF A RESOLUTION CELL

covariance matrix

Cy = E

[[
S∗i S∗j

] [ Si
Sj

]]
=

 σ2
i γ

√
E
[
|Si|2

]
E
[
|Sj|2

]
γ∗
√
E
[
|Si|2

]
E
[
|Sj|2

]
σj


(3.8)

the joint distribution of Si, Sj is

p (Si, Sj) =
1

π2 |Cy|
e
−
[
S∗i S∗j

]
C−1
y

 Si
Sj


. (3.9)

Multilook procedures can be applied also at the interferogram level in order to
reduce the interferometric phase noise. In this case, differently from the SLC
multilook, the averaging is coherent. Several techniques are available. An exam-
ple is reported in fig. 3.3 and fig. 3.4, where it is possible to observe the noisy
interferometric phase and the subsequent reduction due to the multilook.

Figure 3.3: Interferometric phase over Mexico City. The image is obtained com-
bining two SLCs (2017/06/07 and 2017/09/23) acquired by Sentinel 1. The
resolution is 20 m/px in the azimuth and 5 m/px in the range direction.

27
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Figure 3.4: Interferometric phase after the application of a multilook factor of 3
in the azimuth and 5 in the range direction.
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3.1 STATISTICS OF A RESOLUTION CELL

Considering also the effects on the PDF of a multilook factor L, as in the previous
section the joint probability of the amplitude and phase of the interferometer can
be found by using the Jacobian:

p (Ai,j, φi,j) =

=
2L(LAi,j)

L

πζL+1(1− |γ|2 Γ(L))
exp

(
−2 |γ|LAi,j cos (φi,j − φ0)

ζ
(
1− |γ|2

) )
KL−1

(
2LAi,j

ζ
(
1− |γ|2

))
(3.10)

being the KL−1 the modified Bessel function of the third kind, Γ the Gamma

function and ζ =
√
E
[
|Si|2

]
E
[
|Sj|2

]
. Finally, from (3.10) the phase distribution

can be isolated by marginalization and its expression can be expressed more
clearly using hypergeometric functions:

p(φi,j) =

=
Γ(L+ 1/2)(1− γ2)L|γ| cos(φ− φ0)

2
√
πΓ(L)(1− γ2 cos2(φ− φ0))L+1/2

+
(1− γ2)L

2π
F2 1(L, 1; 1/2; γ2 cos2(φ− φ0))

(3.11)

The most important parameter for the error evaluation is the standard deviation
σ, in this case referred to the phase. Applying the definition of variance

σ2
φi,j

=

∫ π

−π
|φi,j − E [φi,j]|2 p(φi,j)dφi,j =

∫ π

−π
|φi,j − φ0|2 p(φi,j)dφi,j (3.12)

that can be explicitly evaluated distinguishing two possible cases, based on the
type of the target, point or distributed. The differences between them are briefly
presented in the next section, where it is possible to observe how the magnitude |γ|
of the coherence can be interpreted as an indicator of the phase variance, leading
to small correlation (higher decorrelation and lower quality) for low values and
greater correlation (higher quality) for high coherence, |γ| ≈ 1. As it has been
shown in this section, the phase statistics are fully characterized by the coherence
γ.
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(a) (b)

(c) (d)

Figure 3.5: Phase distribution versus coherence |γ| for different effective multilook
factors: L = 1 (a), 5 (b), 10 (c), 20 (d).

3.1.2 Phase quality estimators

SAR targets can be classified as point scatterers or distributed scatters. The
discrimination is done based on their reflecting properties as well as on their
dimensions with respect to the size of the resolution cells of the system.

Point Scatterers Point scatterers are deterministic scatterers, i.e., objects
whose electromagnetic characteristics do not vary over time, whose response dom-
inates a resolution cell and doesn’t change significantly with different acquisition
geometries. Their response can be usually considered as deterministic and the
coherence |γ| values remain close to 1 across all the interferograms. For point
scatterers and no multilook (L = 1), the phase variance can be computed as

σ2
φi,j

=
1− γ2

2γ2
[rad2] (3.13)
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Distributed Scatterers Distributed Scatterers are set of targets with same
backscattering properties whose response, although being characterized by a lower
power than the one of the deterministic ones, can be considered coherent in space
when averaged. The expectation values in (3.7) are then substituted by empirical
averaging over a set of L neighbours pixels, leading to the Maximum Likelihood
Estimator:

γ̂ =

∑L−1
k=0 Si(k)Sj(k)∗√∑L−1

k=0 |Si(k)|2
∑L−1

k=0 |Sj(k)|2
(3.14)

that is biased for low coherence values. The estimated value can then be used
to computed the phase variance providing a quality measurement for each pixel
of the interferogram at the price of a reduction in resolution proportional to L.
The estimated phase standard deviationa for different values of coherence and
multilook is represented in fig. 3.6.
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Figure 3.6: Estimated phase variance for point scatterers for different values of L
[10].

3.2 Stochastic sources of errors

Decorrelation effects affect the interferometric phase introducing additional terms
that are usually considered as noise or errors with respect to the quantities that
are to be extracted. This noise affects the phase only if its decorrelation length
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is smaller than then the estimation window length, i.e. they compromise the
averaging in eq. (3.14).

Following from the considerations of the previous section, the variance of the
phase and therefore these effects can be studied also in terms of coherence. As
just mentioned, errors with large correlation lengths, like orbital errors and atmo-
spheric artifacts do not have impact on the coherence. In particular, the former
can be almost completely removed thanks to the high precision in the positioning
information of the satellite. The latter are due to the effects of the atmosphere
crossed by the radar pulse. The typical decorrelation length of the atmospheric
artifacts is generally around 1 km.

Several small decorrelation errors degrade the coherence magnitude:

|γ| = γregγgeomγfdcγvolγtγth (3.15)

where clearly the absolute value of each term is lower than 1 and contributes to
decreasing the overall coherence.

The processing-induced decorrelation γreg is due to the corregistration errors.
If the corregistration reaches an accuracy of more than 1/16 the dimension, this
term can be neglected.

γgeom is the geometric decorrelation caused by the different incident angles of
the two acquisition composing the interferogram. It can be reduced by filtering
the SLCs before the interferograms generation, sacrificing resolution.

The Doppler centroid decorrelation factor γfdc is caused by the differences in
the Doppler centroids of the two acquisitions.

The volumetric decorrelationγvol depends on the penetration of the radar wave
into the target. It strongly depends on the distribution of the heights of the
targets in a resolution cell.

γt is the temporal decorrelation, that accounts for the changes in the targets
in the time between the two acquisitions.

γth is the thermal noise introduced by the system, for instance by the antenna.

A complete characterization on all the decorrelation effects is given in [3]. A
mathematical model including all the above contributions and their effect on the
phase will be presented in the chapter chapter 5, when dealing with the specific
case of the output of the CPT.
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Chapter 4

CPT processing

This chapter analyses in depth the CPT agorithm. The ideas presented in chapter
2 are developed in this context, offering a brief explanation of the mathematical
bases that are behind each step. This is particularly important for the under-
standing of next chapter, that analyses the propagation of the error from the
interferometric phase to the results through each passage.

Note that, as mentioned above, only PSI processing is considered. Therefore,
it is assumed that a correct generation of the interferograms can provide the data
needed at the input of the algorithm.
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4.1 Overview

The objective of this algorithm is to provide an estimation of the line of sight
(LOS) velocity of the targets and of the DEM error in the geographical areas
contained in the considered stack of interferograms.

Several kinds of target motions can be observed according to different aspects.

• Based on the speed, there may be abrupt ground deformations that deeply
change the topography of a region in the matter of minutes, e.g. in case
of violent earthquakes, sudden vulcano eruptions and landslides, or slower
movements that gradually modify the area during several years. Between
these two extremes, a wide range of phenomena can be detected, for instance
medium-velocity human activities such as construction works. The speed
can in turn have linear and non-linear components, that, as it will become
clear in the following, require different techniques.

• Based on the motion direction, the priviledged direction is the vertical one.
It is possible to distinguish between upward and downward movement, the
latter called uplift and the latter subsidence.

The CPT receives as input a stack of I interferograms and produces as outputs
an estimation of the target velocity and of the DEM error on a selected area
contained in the considered region. A third output is the azimuth position, but
it has not been considered for this work.

This section of the algorithm is in turn divided in a linear and non-linear part,
being devoted respectively to the estimation of a linear model for the whole stack
and to the retrieval of the residual non-linear displacement components.

4.2 Linear Estimation

In this section the working principles of the linear block of the CPT algorithm
are illustrated. Fig. 4.1 reports the general flowchart for this part.
The first step of the linear estimation is the pixel selection, through which only
the high quality pixels are selected and passed to the following steps. Different
quality metrics can be chosen, all aimed to guarantee a high phase stability. A
Delaunay triangulation is then performed on the selected pixels, establishing re-
lations or links between neighbour nodes. The linear model is thus derived for the
links rather than on the single pixels, exploiting the several advantages described
in section 4.2.3. This is a linear regression model, where the unknown parameters
are the linear velocity v, the DEM error ε and the azimuth position term ξ.

Although the deformation pattern can be quite complex, in case of subsidence or
uplift the main component of the velocity v can be considered linear.
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4.2 LINEAR ESTIMATION

Figure 4.1: Flowchart for the linear estimation block [10].

The DEM error is, as the name suggests, due to errors in the external DEM used
in the processing to remove the topographical phase term. This is especially true
in urban areas, where the environment is more dynamic than in rural areas.
The azimuth position term is related to the presence of point scatterers that may
not be sampled, in the SLC image, at the peak of their response, introducing a
phase term proportional to the Doppler centroid. In this work only images with
low Doppler differences are considered, making this term negligible.

The linear velocity and DEM error are finally obtained for each pixel from the
link parameters through an integration process.

4.2.1 Pixel Selection

Coherence As explained in chapter 3, the complex coherence γ is directly
related to the standard deviation σφ of the interferometric phase φ. Therefore,
coherence can be used as an useful indicator of the phase quality. Based on this,
pixels can be selected using either an ”on-off” threshold, discarding the ones with
an average coherence over the interferogram stack lower than the desired level,
or keeping only the ones whose coherence remains above a threshold for a certain
percentage of interferograms. In order to obtain a good coherence estimation, that
requires an empirical average over patches of pixels with the same backscattering
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Figure 4.2: The P pixels that satisfy the selection requirements are numbered in
an ordered vector.

properties, this technique is preferable in presence of distributed scatterers (see
Section 3.1.2). Commonly, standard deviation up to 20◦ is tolerated.

Amplitude Dispersion For high SNR values, a low amplitude dispersion of
the backscattered signal is correlated to a low phase standard deviation of the
same. For a target whose amplitude changes according to a distribution having
mean mA and standard deviation σA, the amplitude dispersion is quantified as

DA =
σA
mA

(4.1)

The two quantities DA and σφ are related as shown in Fig 4.3. The error bars
decrease when the number of SLC increases, making this method suitable only if
a large number of images.

The relation holds only for high SNR targets, making it indicated for determin-
istic targets. This is the case for point scatterers and strong reflectors, such
as man-made structures that are stable in time. Notice that these properties
may be strongly dependent on the acquisition geometry, i.e., they may vary with
even slight changes of the incident angle., meaning that the correspondent pixel
wouldn’t be selected by this method. The amplitude dispersion can work with
full resolution images, providing an estimate of the phase standard deviation at
the SLC level.

In this work, the coherence selection method is preferred over the amplitude
dispersion one. In the following, the symbol for each of the P selected pixels is p.
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Figure 4.3: Relation between the amplitude disperion DA and the phase standard
deviation σA

4.2.2 Linear Model

To understand the importance of the triangulation between the pixels, it is first
necessary to introduce the linear model that is used to fit the linear components
of the phase that are common to all the interferograms of the stack. The linear
equation is [10]

φlin(p) = kTiv(p) + kBiε(p)− 2πkfdcξ(p) (4.2)

where kTi , kBi and kfdc are constants related to the geometry of the system that
allow the conversion from meters to radiants. In particular:

• kTi = 4π
λ
Ti is the linear velocity constant, that depends on the temporal

baseline Ti of the i-th interferogram;

• kBi = 4π
π

Bi
r0 sin(θi)

is the DEM error constant, determined by the spatial
baseline Bi, the incidence angle θi and the distance of the satellite r0;

• kfdc =
fdcS
vS
− fdcM

vM
is the azimuth position constant, obtained from the

Doppler difference between the slave and master image and the velocity of
the satellite at the respective acquisition times, vS and vM respectively. As
already mentioned, the azimuth position is relevant only for high Doppler
differences, that may be the case for ERS-Envisat datasets. In this work,
from now on this term is considered negligible.

Note that in (4.2) the model is adjusted to all interferograms on a pixel level, i.e.,
for each pixel p of the selected ones.
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Each interferogram of the stack may present an unknown random phase offset
as well as be affected by random noise caused by turbolent atmospheric effects
[10]. These contributions make the direct estimation of the linear components
extremely difficult, undermining the reliability of the results.
An effective way to cancel the phase offset is applying a pixel triangulation. The
triangulation creates a network connecting the pixels through oriented links; in-
stead of directly estimating the linear parameters, the increments over each link
are computed. By computing the difference, the phase offset of each node cancels
out. The cost for this operation is dual: on one side the creation of the graph,
that is of fundamental importance in order to obtain good resuts; on the other,
the adjustment of the model is performed on the increments, therefore the linear
parameters has to be obtained through an integration process at the end of the
algorithm.

4.2.3 Triangulation and linear increment model

Several methods are available to perfom pixel triangulation. In this work the
chosen technique is the Delaunay triangulation, that creates the links so that no
node is inside the circumcircle of any of the created triangles. The result of the
triangulation is a network of L links, each denoted with l, interconnecting the set
of P pixels p. A detailed mathematical analysis of this technique is out of the
scope of this work. Nevertheless, it is important to stress again the fundamental
role played by the graph. As it should be clear from the previous considerations,
an effective triangulation must be densely connected. Increments between iso-
lated pixels are subject to errors: on one hand, the more the links connected to
one pixel, the higher the number of equations that constrain the solution. On
the other hand, a pixel connected to few others may indicate that the links are
stretched through great distances. This, on turn, may compromise the ”locally
isotropic” hypothesis mentioned in the previous section: if the phase offset is not
perfectly uniform, but slowly varies with the position of the pixel, the phase in-
crements over long links do not cancel it out, making the triangulation ineffective.

The model for the linear increments is easily derived from eq. (4.2):

∆φlin(l) = kTi∆v(l) + kBi∆ε(l) (4.3)

where it can be noticed that the linear quantities have been substituted by the
corresponding increment and the model is now defined for each link l rather than
on a pixel basis.

The linear velocity and DEM error increment ∆v(l) and ∆ε(l) are obtained min-
imizing a quadratic cost function, called Model Adjustment Function, that is
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defined on each link l as

Γ(l) =
I∑
i=1

∣∣e−j∆φi(l) − e−j∆φlin,i(l)∣∣2 (4.4)

The minimization provides as outputs the pair ∆v(l),∆ε(l) that minimizes the
cost function in eq. 4.4.

Figure 4.4: The triangulation establishes L links between the selected pixels.
Matrix A contains the relations between pairs of pixels.

4.2.4 Integration

The last step of the linear estimation is the integration, that allows the retrieval
of the linear values of velocity v(p) and DEM error ε(p) for each pixel p. Each
link l connects two pixels; all the links can be collected in a ”connection matrix”
A of dimensions L×P , where each row corresponds to a link and contains −1 or
+1 on the columns associated to the pixels that the link connects. The different
sign implicitly identifies the orientation of the link.

The integration is performed solving the linear system that from the increments
x determines the linear values y:

y = Ax (4.5)

For how it is defined, the system has infinite solutions that differ by an offset.
The solution is therefore called ”floating” and needs a point, called seed, of known
velocity or DEM error to be fixed. In this way, due to the differential nature of
the system, the output parameters are referred to the values of the seed.

39



4. CPT PROCESSING

4.3 Non-Linear Estimation

The linear estimation provides only the main component of the target velocity.
A new estimation is required to correctly identify the non-linear components of
the displacements. The error propagation for this block of the CPT technique
has not been studied, therefore only a brief overview is offered.

After the linear estimation, the estimated linear components have to be removed
from the interferometric phase. The residual phase is then

φres = φ− kTv − kBε (4.6)

and it accounts for the non-linear components, that cannot be modelled by a
linear estimator (more on this problem in the following chapter). Two main
contributions can be identified in the residual phase: atmospheric artifacts and
non-linear displacement. A third one would be the residual phase cycles due to
highly non-linear patterns. According to this considerations, the non-linear block
of the CPT is divided in two steps:

• unwrapping of the phase and estimation of atmospheric artifacts;

• estimation of the non-linear displacement.

The phase expression can be rewritten, after the application of a low-pass spatial
filter to reduce the effects of the non-linear deformation, as

φres,filt = φNL,res + φatm (4.7)

Based on this decomposition, the non-linear processing estimates the Atmospheric
Phase Screen (APS) as well as the non-linear displacement term.

The non-linear block is not further investigated in this work, as the focus is
mainly on the propagation of the error through the linear one. A general scheme
is included for completeness in Fig. 4.5.
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Figure 4.5: Flowchart for the non linear estimation block [10].
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Chapter 5

Error propagation in DInSAR
Processing

This chapter contains the core of this work. First, a brief introduction presents the
general theory of the error propagation through different kinds of mathematical
manipulations. In the second section this theoretical framework is applied to the
case of interest, i.e., from the phase (measured data) to the velocity and DEM
error (outputs). A more in-depth explanation on the IDL implementation can be
found in Appendix A.

43



5. ERROR PROPAGATION IN DINSAR PROCESSING

5.1 General Theory of Error Propagation

The uncertainty in any kind of measurement is usually expressed through the
standard deviation σ of the distribution of the acquisitions. In the specific case
of interest, the measures on the phase are affected by the random processes,
considered overall as noise, described in chapter 3. This section provides the
mathematical tools for propagating the initial uncertainty on the interferometric
phase to the output of the CPT algorithm. The expressions are always provided
in terms of variance, from which the standard deviation can be immediately
retrieved. The relation between the input and output covariance matrices are
derived for all the functions that are used in the CPT: linear transformation
(from the nodes to the links of the triangulation), minimization and linearization
(from the phase increments to the linear increments) and finally integration.

Linear transformation of a random vector Starting from the very basic
concepts, consider a N -dimensional random vector x characterized by the corre-
sponding N×N covariance matrix Σx. The diagonal values represent the variance
of each component and the off-diagonal ones the covariance between pairs of dif-
ferent components. Solving the linear system y = Ax determined by the M ×N
matrix A corresponds to performing a linear transformation on x. It is easy to
prove that the covariance of y is then

Σy = AΣxA
T (5.1)

On the contrary, Σx can be estimated from AΣy as

Σx = (A)−1Σy(A
T )−1 (5.2)

As in generalN 6= M , i.e. matrix A is not square, the pseudo-inverse (ATA)−1AT

is used:
Σx = ((ATA)−1AT )Σy((A

TA)−1AT )T (5.3)

Minimization In this work, the minimization is necessary to estimate the pa-
rameters in a non linear estimation scenario. The problem can be stated as
follows: the model is defined as

y = f(φ1, φ2, · · · , φn; ∆1,∆2, · · · ,∆L,∆L+1, · · · ,∆2L) (5.4)

where the symbols for the input data φi and the parameters to be estimated ∆i

have been chosen to resemble the ones used in this specific application. In the
following, the input data and the parameters will be collected for convenience in
two vectors, φ and ∆ respectively. According to [9] and [10], a possible approach
is to linearize the non linear function through its Taylor approximation. In par-
ticular, the Taylor expansion is computed around zero, that is the case for the
specific application of interest, as pointed out in the next section.

44



5.1 GENERAL THEORY OF ERROR PROPAGATION

Firstly, recall that the cost function is Γ(l) as defined in eq. (4.4). In this section,
a more appropriate notation would be Γ(∆) to highlight that the minimization
is performed with respect to the parameters to be estimated, i.e. the problem is
stated as

∆̂ = arg min
∆

[Γ(∆)] (5.5)

Secondly, the Jacobian matrix of f(·) is defined as the n× 2L matrix

J =

j1,1 · · · j1,2L
...

. . . · · ·
Jn,1 · · · jn,2L

 (5.6)

with each column can be computed as

ji =
∂f(φ1, φ2, · · · , φn; ∆1,∆2, · · · ,∆L,∆L+1, · · · ,∆2L)

∂∆i

(5.7)

In this scenario, the solution of the Least Square minimization of the non linear
function is approximated as

∆̂ =
(
JTJ

)−1
JTy (5.8)

and the corresponding variance is computed as in eq. (5.3)

Σ∆ =
((

JTJ
)−1

JT
)

Σy

((
JTJ

)−1
JT
)T

(5.9)

The validity of the approximations is briefly discussed in section 5.2.3.
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5.2 Linear Estimation

As seen in the previous section, the parameter that is used to describe the error
on a measured quantity is its standard deviation, or, equivalently, its variance.
In this section the general concepts illustrated above are applied to the specific
case of the CPT estimation of the linear velocity and of the DEM error.

The first section will analyse the construction of the initial covariance matrix,
i.e., the covariance matrix of the phase.

The following sections will propagate the original uncertainty through the various
steps of the CPT algorithm as they were presented in chapter 4. At each step,
the output covariance matrix is derived from the input one. Following the data
flow, the error is propagated trough the triangulation, where the covariance of
the increments is computed. The same is done for the linear model minimization
and finally for the linear quantities is computed.

The implementation details are kept to the minimum. Due to the really huge
size of the processed data and of the processing matrices, a carefully optimized
code is required. As it may be interesting and useful for future applications, in
appendix A some more technical observations are reported.
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5.2.1 Interferometric Phase Covariance Matrix

The uncertainty on the interferometric phase φ is represented by its covariance
matrix Σφ, that accounts for the overall effect of three major factors:

• the APS noise. The unpredictable phase delay due to propagation of the
radio waves through the atmosphere is one of the main sources of noise [11].

• the decorrelation effects. As explained in chapter 3, continuous changes in
the observed area and several other phenomena such as geometric factors
contribute to the decorrelation of the images in the time dimension, i.e.,
across the interferogram stack.

• the thermal noise. As mentioned in chapter 3, the various thermal contri-
butions degrade the phase quality.

The effect of each of these elements can be taken into account by a corresponding
covariance matrix: ΣφAPS for the atmospheric artifact covariance and Σφdecorr for
both the decorrelation and thermal noise, whose contribution is estimated in the
same way. Under the well-verified hypothesis of independence between the three,
the overall covariance matrix for the i-th interferogram is the P × P matrix

Σφ = ΣφAPS + Σφdecorr (5.10)

In the remaining of this section, the structure and the properties of the three
individual covariance matrices are briefly analysed.

APS covariance Atmospheric effects present a high variability, i.e., their con-
tribution to the phase ranges from being negligible to dominating the phase [11].
Therefore, it is important to be able to identify and model them for assessing the
realiability of the results on the deformation patterns. These unpredictable ef-
fects can be well represented by a stochastic model. Usually, the APS is assumed
to be isotropic; in [13] an in-depth analysis has been carried out and an advanced
model for the estimation of the APS variance under anisotropic assumption has
been proposed. For simplicity, in this work the APS is considered isotropic, but
the extension to the anisotropic case is immediate.

As in general the atmosphere can be considered a random process uncorrelated in
time and correlated in space with a correlation length of around 1 km, its variance
can be computed using an empirical semivariogram. For a random function (RF)
η(s) defined over an image S = {(x, y)}, the variogram 2γ(si, sj) is defined as the
variance of the difference ∆η(si; sj) between the values of the random process at
two different locations si = (xi, yi), sj = (xj, yj):

2γ(si; sj) = Var [∆η(si; sj)] = Var [η(sj)− η(si)] = (5.11)

= E
[
(η(sj)− η(si)− E [η(sj)− η(si)])

2] (5.12)
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Figure 5.1: Ideal variogram behaviour and related parameters [10].

The semivariogram is simply computed as half of the variogram. The different
name and usage is simply due to notational convenience.

If the process is stationary, the variogam is a function only of the difference
between the pixel positions:

2γ(si; sj) = 2γ(si − sj) (5.13)

For an isotropic stationary process, the variogram can be expressed as a function
of the distance h between two points si, sj:

2γ(si; sj) = 2γ(h)

∀si, sj s.t. ||si − sj|| =
√

(xi − xj)2 − (yi − yj)2 = h
(5.14)

An ideal theoretical variogram presents the trend depicted in fig. 5.1 and can be
described using three parameters [12]:

• the sill σ2
S = limh→∞ 2γ(h) is the limiting value of the variogram for infinite

distance;

• the nugget n is the height of the jump of the semivariogram at the discon-
tinuity at the origin;

• the range r is the distance in which the difference of the variogram from
the sill becomes negligible.

Recall that the objective is to obtain a reliable estimation of the APS standard de-
viation; more specifically, the matrix ΣφAPS has to be filled with the atmospheric
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variance values σ2
φAPS

along the diagonal and with the corresponding values of
covariance σ2

φAPS
(pi, pj) between pixels (pi, pj) in the off-diagonal positions.

The relation between the variogram and the variance can be easily computed
considering the definition of the former as given in (5.12):

2γ(h) = E
[
(∆η(sj; si)− E [∆η(sj; si)])

2] =

= E
[
η2(si)

]
+ E

[
η2(sj)

]
− 2E [η(sj)η(si)]

(5.15)

Note that this holds under the isotropic, stationary and homogeneous hypotheses
that guarantee that E [η(sj)] = E [η(si)] = µη for all the interferogram pixels.
This also allows to rewrite again eq. (5.15) as

γ(h) = Var [η(s)]− Covar [ηh] (5.16)

that is the fundamental equation that under the above assumptions relates the
variogram to the variance and covariance. The symbol Covar [ηh] indicates the
covariance between two general pixels at distance h.
From eq. (5.16) the variance of each pixel p can be computed as

σ2
φAPS

(p) = σ2
S = lim

h→∞
2γ(h) (5.17)

exploiting the fact that pixels at infinite lag distance are decorrelated. In other
words, the sill of the variogram represents the variance for all the pixels of the
considered interferogram. It is important to explicitly underline that using this
estimation the pixel variance is estimated at an interferogram level, and thus has
the same value for all the pixels in the same interferogram.

More critical is the covariance, that needs to be computed for each pair (pi, pj)
of selected pixels considering the distance h between them and the associated
variogram value. Under the conditions stated above, the covariance is a function
only of the distance h between pairs of pixels and is obtained from the variogram
as:

σ2
φAPS

(h) = σ2
φAPS

(pi, pj) = σ2
S − 2γ(h) (5.18)

Eq. (5.18) requires the construction of a distance network between all the possi-
ble pairs of the P selected pixels.

Note that the expression of the variogram in (5.14) requires the computation
of an expected value, that in turns is computed over an infinite number of real-
izations. Therefore in practice an empirical variogram is used instead of the ideal
one. The empirical variogram is an estimate of the theoretical semivariogram and
measures the spatial variability of a regionalized variable, or in other words, it
describes dissimilarity of values at points with distance h [13]. In the empirical
variogram, distances are substituted by distance bins. Each bin bi has radius δ
and center hi and contains all the distances h such that |h− hi| ≤ δ. Pratically,
the distance between all possible pairs of pixels is computed and a corresponding
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histogram is built. From it, the empirical variogram for two pixels i, j at distance
h can be expressed as:

2γ(h) =
1

Nh

∑
i,j∈h

(η(sj)− η(si))
2 (5.19)

being Nh the number of pairs of pixels in the bin that contains distance h.
The correct estimation of the variograms and consequently of the variance of ran-
dom fields has been extensevely studied in [14] and in [13] for the APS covariance
in particular.

Once obtained the variogram for each interferogram, the distance network and
the corresponding histogram, the diagonal of the APS covariance matrix is filled
according to (5.17) and the remaining elements according to (5.18) and the rela-
tive distances. The final result is a dense P×P matrix, whose structure is further
clarified in eq. (5.20)

ΣφAPS =


ΣφAPS ΣφAPS(1, 2) ΣφAPS(1, 3) · · · ΣφAPS(1, P )

ΣφAPS(2, 1) ΣφAPS ΣφAPS(2, 3) · · · ΣφAPS(2, P )
...

...
...

...
...

ΣφAPS(P, 1) ΣφAPS(P, 2) ΣφAPS(P, 3) · · · ΣφAPS

 (5.20)

where each element ΣφAPS(·) is a I × I matrix that contains the variance or co-
variance values for each of the I interferograms. According to the previous con-
siderations, the diagonal elements ΣφAPS are all equal whereas the off-diagonal
ΣφAPS(p, q) are filled with the covariance values between pixel p and q as obtained
for each interferogram from the corresponding variogram according to their dis-
tance.

Decorrelation and Thermal noise Covariance Matrix As discussed in
chapter 3, the quality of the interferograms is affected by various sources of
decorrelation. The estimators for the phase standard deviation that have been
presented provide an estimate σψ(p) for each pixel p of each SLC image. Given
the estimate σ2

ψM
(p) for the master M and σ2

ψS
(p) for the slave S, the variance

value for the corresponding interfegram i can be computed as

σ2
φdecorr,i

(p) = σ2
ψM

(p) + σ2
ψS

(p) (5.21)

For the amplitude dispersion approach, each image of the set presents the same
standard deviation. Therefore, all the interferograms are assumed to have equal
variance

σ2
φdecorr,i

(p) (5.22)

On the contrary, multilooked images provide an estimation of the standard devi-
ation at an interferogram level.
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Therefore, the decorrelation covariance matrix is a (P · I)× (P · I) matrix having
the following structure:

Σφdecorr =


Σφdecorr(1) [0] · · · [0]

[0] Σφdecorr(2) · · · [0]
...

...
...

...
[0] [0] · · · Σφdecorr(P )

 (5.23)

where each Σφdecorr(p) of dimension I × I represents the decorrelation of pixel p
across the interferograms and can be generally considered diagonal, as all the ad-
vanced DInSAR techniques operate on a subset of pixels that are coherent through
an interferogram network [10]. The diagonal structure is an approximation, due
to the hypothesis that the pixels are independent across the interferogram stack.
The overall (P · I)× (P · I) covariance matrix Σφ is finally obtained according to
(5.10) as

Σφ = ΣφAPS + Σφdecorr =

=


Σφdecorr(1) + ΣφAPS ΣφAPS(1, 2) · · · ΣφAPS(1, P )

ΣφAPS(2, 1) Σφdecorr(2) + ΣφAPS · · · ΣφAPS(2, P )
...

...
...

...
ΣφAPS(P, 1) ΣφAPS(P, 2) · · · Σφdecorr(P ) + ΣφAPS


(5.24)

5.2.2 Triangulation: Covariance matrix of the Phase In-
crements

To find the covariance matrix of the phase increments, the phase covariance values
need to be related according to the links created by the selected triangulation.
These are fully described by matrix A introduce in eq. (4.5), but this latter take
into accounts just the links on a single interferogram. Being the network the
same for each interferogram, in order to take into account the whole stack it is
sufficient to perform a Kronecker product with an I × I identity matrix II :

A⊗ II =


0 · · · 0 II · · · 0 −II 0 · · · 0
0 −II 0 · · · 0 II 0 · · · 0
...

...
. . .

...
II 0 · · · · · · 0 −II · · · 0

 (5.25)

where the above matrix is constructed following the same example structure of
Fig. 4.4. The increment matrix is thus obtained, according to eq. (5.3) as

Σ∆φ
= (A⊗ II)Σφ(A⊗ II)

T (5.26)
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5.2.3 Linear Model adjustment: Covariance matrix of the
Linear Increments

The adjustment of the linear model for the phase is performed on the complex
exponential phases, as in eq (4.4). The error propagation through this step is
the most cumbersome, as the neither the minimization nor the involved functions
are linear. The minimization for small values of increments or for an unwrapped
phase can be considered a linear regression [10], as the non linearity due to the
exponentials can be removed using a Taylor expansion

e−jx = 1 +
(−jx)

1!
+

(−jx)2

2!
+

(−jx)3

3!
+ · · · =

∞∑
n=0

(−jx)n

n!
(5.27)

around the correct values of velocity and DEM error. Considering only the linear
term, the approximation for the considered complex exponential becomes:

e−jσ∆φ = 1− jkTiσ∆v − jkBiσ∆ε (5.28)

that implies

σ∆φ
= kTiσ∆v + kBiσ∆ε (5.29)

In [10], the linear approximation has been shown to hold well also for high noise
level. As shown in the graphs in fig. 5.2, the linear model doesn’t deviate signif-
icantly from the exponential one in any of the three considered cases.
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Figure 5.2: Linear approximation of an exponential around 0 for different noise
levels: (a) 0.25 radians. (b) 0.8 radians. (c) 1.6 radians. [10]

The Jacobian matrix necessary for the linearization is the I × 2 matrix

J(l) =


kT1(l) kB1(l)
kT2(l) kB2(l)

...
...

kTI (l) kBI (l)

 (5.30)
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that, in principle, is different for each link l as the baselines may vary with the
length of the link. For practical purposes, as the considered areas are always
limited, the baselines are considered constant. Thus, the Jacobian is extended to
each link exploiting once again the Kronecker product: defining the (I ·L)×(2×L)
matrix

G = IL ⊗ J =


J 0 0 · · · 0
0 J 0 · · · 0
... 0

. . .
...

...
0 · · · J

 (5.31)

the variance at the output of the minimization step is, according to eq. (5.9)

Σ∆v,∆ε =
(
GTG

)−1
GTΣ∆φ

((
GTG

)−1
GT
)T

(5.32)

The matrix Σ∆v,∆ε has dimensions (2 ·L)×(2 ·L) and it contains the covariance of
the increments of the velocity v and of the DEM error ε. It is therefore necessary
to extract the increment variance values for the two quantities, thus obtaining the
L×L matrices Σ∆v and Σ∆ε. The off-diagonal elements represent the correlation
between the two parameters, and in this context they are simply discarded. It
would be interest, for future works, to study also its behaviour, in order to gain
useful insights on the validity of some of the assumptions made throughout this
work.

5.2.4 Integration: Covariance matrix of the Linear Pa-
rameters

The output covariance matrices Σv and Σdem are obtained from eq. (4.5) prop-
agating the error through the linear system. Recalling what has been said in
section 4.2.4, one or more pixels of known velocity and DEM error, called seeds,
are needed to fix the solution. In this specific context, the seeds are necessary
in order to make the connection matrix A non-singular and therefore invertible.
The columns associated to the seeds are removed; then,

• when solving the linear system, the known values of the seeds are added or
substracted to the estimated values of the connected pixels, according to
the direction of the link;

• when inverting the A matrix, the rows associated to the links containing
one seed are also removed, as the seeds, being deterministically known, have
zero variance.

Naming Aseed the obtained connection matrix, Σv and Σdem can be derived as:

Σv =
(
AT
seedAseed

)−1
AT
seedΣ∆v

((
AT
seedAseed

)−1
AT
seed

)T
(5.33)

Σε =
(
AT
seedAseed

)−1
AT
seedΣ∆ε

((
AT
seedAseed

)−1
AT
seed

)T
(5.34)
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5.3 Synthetic data validation

The algorithm for the propagation of the uncertainty across the CPT has been
tested on a synthetic scenario obtained using a simulator. The simulator is the
same as the one used in [10] and the simulated data is briefly described in the
first section. Several scenarios are tested, in order to observe different effects on
the variance of the results.

Simulated data description The basic setting is described in table 5.1. The
techniques utilized to perform the simulation in order to obtain the desired co-
variance for the atmospheric and temporal decorrelation effects, like the Monte
Carlo simulation, are not described in this work.

Parameter Value

Number of Images 51

Number of Interferograms 135

Size of the Images (pixels) 256

Multilook 3x3

Coherence Threshold 0.75

Number of Pixels 725

Maximum deformation -2 cm/year

Maximum DEM error 10 m

Seed position (pixel coordinates) (82,67)

Table 5.1: Synthetic scenario input data [10].

Fig. 5.3a and fig. 5.3b report respectively the velocity and the DEM error maps
of the considered scenario.

The pixel selection is performed using the coherence criterion with a multilook
factor of 3. The links are obtained through a Delaunay triangolation, and a maxi-
mum link distance can be set in order to tune it. The different scenarios presented
in the following sections are obtained varying this parameter or applying a pixel
mask to artificially hide some of the selected pixels and thus change the topology
of the triangulation.
The APS covariance matrix is estimated, as explained in section 5.2.1, using the
empirical variograms. In fig. 5.4b the variogram estimated from the interfero-
gram in fig. 5.4a and the corresponding covariance matrix (5.5) are reported. It
can be noted that there is a correspondance between the decorrelation distance
in the variogram and the decreasing values of the covariance matrix.
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Figure 5.3: Simulated linear velocity (a) and DEM error (a).
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Figure 5.4: Turbolent atmospheric phase in the considered interferogram (a) and
derived empirical variogram (b).
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Figure 5.5: Estimated covariance matrix for the considered interferogram.

Linear Parameters estimation On a first instance, the CPT algorithm im-
plementation of the simulator is tested. The pixel selection and the corresponding
triangulation are reported in 5.6. The triangulation is initially performed under
the costraint of maximum link length of 800 m. Observe that the seed is high-
lighted by the blue marker.

Figure 5.6: Default triangulation.

The simulated DEM error and velocity, that will be referred to as ”real” values
from now on, are sampled according to the pixel selection in 5.7a and 5.7b.
The estimated DEM error and linear velocity are reported in fig. 5.8a and 5.8b
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Figure 5.7: Simulated DEM error (a) and linear velocity (b) sampled at the
selected pixels locations.

respectively. The pattern of the estimated data corresponds to the simulated one,
although it presents some errors in the amplitude.
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Figure 5.8: Estimated DEM error (a) and linear velocity (b).
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Initial Covariance estimation The first results are obtained using the de-
fault setting. Using the procedures previously described, the error on the phase
is propagated to the estimated DEM error and velocity. The obtained maps are
reported in 5.9a and 5.9b respectively.

First, observe that the standard deviation values are contained in a reasonable
range: the velocity uncertainty is in the order of centimeters, being σv ∈ [0, 0.252]
cm, while the DEM error uncertainty is in the order of meters, σε ∈ [0, 47] m.
Second, the seed, whose variance is assumed to be zero, is clearly visible in both
maps. Note the effect of the triangulation, that propagates the uncertainty of
one pixel to the neighbours: it is particularly evident in the case of the seed,
that influences the surrounding area decreasing the variance. From now on, only
the velocity will be considered as the DEM error, being obtained using the same
procedure, doesn’t provide any additional information nor insight.
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Figure 5.9: Estimated standard deviation for the DEM error (a) and for the linear
velocity (b) of the selected pixels.
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(a) (b)

Figure 5.10: Triangulation with maximum link length of 500 m (a) and 400 m
(b).

Sensitivity to the density of the triangulation Two different triangula-
tions, obtained imposing a maximum link length of 500 and 400 m, are used to
test the results with different degrees of sparsity. The networks are reported in
fig. 5.10a and 5.10b. The correspondent error maps are reported in fig. 5.11a
and 5.11b.
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Figure 5.11: Velocity standard deviation with maximum link length of 500 m (a)
and 400 m (b).

The decreased number of links obtained in the first case does not affect signif-
icantly the standard deviation, that mantains values similar to the default sce-
nario. On the contrary, the sparsity of the connections of the second configuration
heavily impacts the error. This result, together with the ones obtained through
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other tests, allows to infer the existance of a maximum sparsity value over which
the results can not be considered reliable.

Finally, in fig. 5.12 the standard deviation is plotted for each selected pixel.
The pixel are ordered by rows, so their indices are correlated with the relative
distance between them. Again, the effect of the seed on the neighbour pixels is
clearly visible.
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Figure 5.12: Velocity standard deviation with maximum link length of 800 m (a)
500 m (b) and 400 m (c).
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Sensitivity to masking The behavior of the error is tested employing a mask,
that tries to isolate the seed cancelling out some pixels and therefore modifying
the relative distances with respect to the triangulation network. Two different
masks are applied to the 800 m and 500 m triangulation previously introduced.

(a) (b)

Figure 5.13: Triangulation with maximum link length of 800 m (a) and 500 m (b)
after the application of the mask.

The triangulations obtained applying the first mask are plotted in fig. 5.13a and
fig. 5.13b. First, the effect of the masking on the estimated linear velocity should
be considered. From fig. 5.14a and 5.14b it can be observed that this kind of
mask does not heavily impact the estimation of the linear velocity in neither of
the two cases.
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Figure 5.14: Estimated linear velocity with maximum link length of 800 m (a)
and 500 m (b) after the application of the mask.
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The corresponding error patterns are reported in fig. 5.15 and in fig. 5.16. The
result confirms what has already been noticed for the estimated velocity, i.e., the
error is not significantly affected by the mask.
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Figure 5.15: Estimated linear velocity standard deviation with maximum link
length of 800 m (a) and 500 m (b) after the application of the mask.
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Figure 5.16: Velocity standard deviation with maximum link length of 800 m (a)
and 500 m (b) after the application of the mask.
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The same structure is followed for the results obtained applying the second mask.
The new triangulations are plotted in fig. 5.17a and fig. 5.17b.

(a) (b)

Figure 5.17: Triangulation with maximum link length of 800 m (a) and 500 m (b)
after the application of the second mask.

Again, the linear velocity results, reported in fig. 5.18a, don’t present visible
variations in the two triangulations. On the contrary, a significant variation is
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Figure 5.18: Estimated velocity with maximum link length of 800 m (a) and 500
m (b) after the application of the second mask.

present in the error patterns, plotted in fig. 5.19a and in fig. 5.19b. Once
again, the masking has a stronger impact on the sparser triangulation than on
the denser one. The standard deviation of the estimated velocity reaches values
that are even larger than the velocity itself, making it meaningless.
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Figure 5.19: Estimated standard deviation velocity with maximum link length of
800 m (a) and 500 m (b) after the application of the second mask.
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Figure 5.20: Velocity standard deviation with maximum link length of 800 m (a)
and 500 m (b) after the application of the second mask.

64



5.3 SYNTHETIC DATA VALIDATION

Conclusions In this last section, the theory of the error propagation has been
applied to a synthetic scenario, that is much easier to control than a real one. The
model has been tested on a standard configuration, providing good results: the
standard deviation of the estimated quantities assumes reasonable values, and the
zero variance that characterizes the seed lowers the uncertainty of the neighbour-
ing pixels. Several test have then provided useful insights on the behaviour of
the error in different scenarios. The main variation across the tests regarded the
triangulation and the density of links. From the correspondent results, it can be
concluded that a good triangulation is fundamental for obtaining reliable results.
The existence of a maximum sparsity, beyond which the estimated parameters
become unreliable, has been inferred but remains to be demonstrated.
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Chapter 6

Experimental evaluation: Venice
subsidence

The city of Venice has a very unique history. Founded during the V century A.D.
by the inhabitants of the nearby cities and countryside who were fleeing successive
waves of barbarian invasions, the city is built on 118 small islands made stable
by the hardening of the wooden platforms that support the buildings.

The city has suffered a slow subsidence during the centuries. Although in other
scenarios these changes could be overlooked due to their small magnitude, they
need to be taken into account when observing the city of Venice for its small
elevation over the sea level. In case of high sea rises, the streets are flooded, an
event called acqua alta (’high water’). It is therefore important to monitor with
high accuracy the changes of the environment, and a measure of the reliability of
these results is of primary importance.

The first section presents the data used for the interferometric processing. The
rest of chapter is organized as the synthetic data section. First, the results of
the estimation of the linear parameters are presented. Then, the error maps are
obtained and a brief analysis is conducted. Finally, the results of a simple exper-
iment are reported. This test is different from the ones of the previous section,
as it exploits the peculiar topology of Venice. For brevity, only the results on the
linear velocity are reported. As already mentioned, the results for the DEM error
are analogous and don’t bring any additional contribution.
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6.1 Data specification and interferometric pro-

cessing

The sensors chosen for the analysis of the Venice area are Sentinel-1 A and B of
the European Space Agency (ESA). The two satellites employ the TOPS acqui-
sition mode; in particular, the interferograms where generated selecting an area
that contained three adjacent bursts [16].

Parameter Value

Original Number of Images 35

Selected Number of Images 27

Original Size of the Images (pixels) 21349×13499

Multilook 3x11

Total number of interferograms 65

Maximum Spatial Baseline (m) 300.0

Maximum Temporal Baseline (days) 260

Size of the ROI (pixels) 6501×2001

Minimum Coherence Threshold 0.7

Percentage of Interferograms to Pass the Threshold 80%

Seed Position (sample, line) (5027,1279)

Table 6.1: Venice initial input data.

Thirtyfive SLC images were obtained, one per month in the period between
January 2015 and December 2017 (with the exception of May 2015, for which
the image was not available). The geographic region of interest spans from
(45.6284,12.022) (top left corner) to (45.2521,12.4221) (bottom right corner).
Eight images had to be discarded as their overlap with the selected region was
less than 67%. The high resolution image is reported in fig. 6.1.

Figure 6.1: High resolution image of the selected area.
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The image chosen as master was acquired on 11th March 2016. Sixtyfive inter-
ferograms were generated according to the triangulation plotted in fig. 6.2 and
to the parameters of table 6.1. The study area was then further restricted to
a smaller Region of Interest as specified in table 6.1 for computational reasons.
Throughout all this chapter, the coherence method is used for the selection of the
pixels, with the same minimum allowed coherence threshold, 0.7, and percentage
of interferograms that need to satisfy it, 80%. The phase statistics are reported
in 6.3. The maximum tolerated standard deviation is 0.1 radians.

Figure 6.2: Selection of the SLC images for the generation of the interferograms.

Figure 6.3: Phase standard deviation vs measured coherence.
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6.2 Initial parameter estimation
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Figure 6.4: Initial Triangulation.

Parameter Value

Num. of Interferograms 50

Max. Spat. Baseline (m) 200

Max. Temp. Baseline (days) 160

Num. of Selected Pixels 2232

Max. Num. of Relations 26

Num. of Relations 12496

Max. Link Distance (m) 800

Table 6.2: First configuration parame-
ters.

The parameters for the first configuration are specified in table 6.2 and the ob-
tained triangulation is plotted in 6.4, where the seed is also highlighted. Note
that pixels containing regions of the sea are inevitably not selected, as the water
surface can be considered, from the backscattering point of view, as a fully un-
correlated random process both in space and in time.

The estimated linear velocity is reported in fig. 6.5. The velocity values are
referred to the seed placed in the mainland, in a point that is assumed to be
stable (v = 0 [cm/yr]). Note that the displacement values are extremely low, in
the order of millimeters, as expected. The scatterplot highlights the presence of
some outliers that make the map visualization more difficult to read. The error
map is depicted in 6.6. The realistic data present the same behaviour as the sim-
ulated one, as the neighbour pixels benefit of the seed presence exibiting a low
uncertainty. On the contrary, points further apart suffer of a gradually increasing
standard deviation. The seed position is clearly visible in both the plots.
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Figure 6.5: Linear velocity map (a) and scatterplot (b).
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Figure 6.6: Linear velocity error map (a) and scatterplot (b).
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6.3 Reduced number of interferograms
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Figure 6.7: Triangulation obtained with
a stack of 25 interferograms.

Parameter Value

Num. of Interferograms 25

Max. Spat. Baseline (m) 200

Max. Temp. Baseline (days) 160

Num. of Selected Pixels 2791

Max. Number of Relations 27

Num. of Relations 15670

Max. Link Distance (m) 800

Table 6.3: Parameters obtained with
a reduced set of interferograms.

The first test is done simply reducing the number of interferograms by half.
One interferogram every two months is selected, starting from January 2015.
The other parameters remained unchanged with respect to the previous setting.
Clearly, a different number of pixels is selected, as reported in table 6.3, over
which a new triangulation is performed.

The estimated linear velocity map is reported in fig. 6.5. The scatterplot in
particular allows a clear view of the changes from the previous situation. Note
that the new position of the seed in the selected pixels vector is just due to the
new triangulation, as fig. 6.7 confirms that the geographical coordinates remain
the same. The data present a higher dispersion and from the comparison with
the previous model and with external information [15], the velocity appears to
be overestimated for the leftmost cluster of pixels.

The theory developed in the previous chapters would suggest that a higher num-
ber of interferogram can guarantee a better result. The error plots in fig. 6.8
confirm it, as the error is indeed increased. The standard deviation of the just
mentioned first cluster presents greater values, suggesting a lower reliability of the
corresponding pixels. This gives credit to the previously formulated hypothesis
that the new trend of the velocity in this region is overestimated.
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Figure 6.8: Linear velocity map (a) and scatterplot (b) and corresponding error
map (c) and scatterplot (d).
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6.4 Sparser triangulation

Figure 6.9: Triangulation obtained with
a maximum link distance of 700 m.

Parameter Value

Num. of Interferograms 25

Max. Spat. Baseline (m) 200

Max. Temp. Baseline (days) 160

Num. of Selected Pixels 2233

Max. Num. of Relations 27

Num. of Relations 12544

Max. Link Distance (m) 700

Table 6.4: Parameters obtained with
a sparser triangulation.

The third scenario is built considering the same number of interferograms as in
the previous case but a lower maximum link distance. This latter choice makes
the trangulation sparser and this, in turn, completely isolates some of the pixels
selected by means of the coherence criterion. The pixels without connections
need to be discarded before the processing. The larger number of pixels in the
setting with 25 interferograms was the reason behind this choice, as the final
number of selected points guarantees that the city of Venice is still connected to
the mainland.

The estimated linear velocity and the corresponding error are reported in fig.
6.10. Note that the standard deviation increases from the previous case but not
in a significant way. It becomes difficult to compare the results with the one of
the first scenario, as the pixel selection and thus the triangulation have changed
once again. Since the coherence criterion and the considered geographical area
are still the same, it is possible to observe a similar trend of the velocity in re-
gions that can be considered similar or close, but further comparisons based on
the scatterplot only would not be meaningful without a more in-depth study.

6.5 Spatial Error Propagation

On the 700 meter-scenario an interesting experiment can be conducted. Given
the sparser connection network and the peculiar topography of the region, the

74



6.5 SPATIAL ERROR PROPAGATION
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Figure 6.10: Linear velocity map (a) and scatterplot (b) and corresponding error
map (c) and scatterplot (d).

city of Venice results in being connected to the mainland only by a few pixels
distributed along the ”Ponte della Libertà” bridge. As already mentioned, sea
pixels are naturally discarded whereas the constraint on the links length further
reduces the number of connections. In other words, the selected pixels form two
clusters connected only through few nodes. It is then important to know the
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effects of the errors on these pixels, that from the triangulation graph point of
view occupy a fundamental role, on the two clusters that they connect.

In order to study it, the same pixel selection and triangulation of the previ-
ous section are kept. A very high value, 1.714 [rad2], is then artificially inserted
in the phase covariance matrix in correspondance of the pixels of the bridge. This
may seem an irrealistic scenario, since high variance pixels, with low coherence,
wouldn’t be selected during the pixel selection. Nevertheless, two considera-
tions can be made. On one side, there are low-coherence scenarios in which the
threshold needs to be adjusted in order to select a high enough number of pix-
els, accepting compromise on the quality of the results. On the other hand, the
objective of this section is to study the spatial propagation of the errors through
the Delaunay triangulation and the impact of the pixels in topologically relevant
positions. Therefore, the high values injected work as ”markers” that highlight
the effects of the related changes.

The error map and standard deviation are plotted in 6.11. The effect of the er-
rors is evident. Notice that the cluster containing the seed is not deeply affected;
on the contrary, the error propagates from the bridge to the island, completely
compromising it. The low variance of the seed doesn’t propagate to the city of
Venice, as this latter is connected ot the mainland only through the high variance
pixels of the bridge.
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Figure 6.11: Linear velocity error map (a) and scatterplot (b).

6.6 Conclusions

The focus of this chapter is on the study of the behaviour of the error in different,
realistic, contexts, rather than on the estimation of the magnitude of the subsi-
dence.

The results of the first section are used as a reference for both the linear velocity
and the corresponding error. Its reliability is guaranteed by the high number of
interferograms employed to determine the linear model.

This latter assumption is verified in the second section, where a lower number of
interferograms significantly affects the quality of the results and the error.

The importance of employing a well-connected, dense triangulation, already found
in the simulated environment, is confirmed by the worsening of the results in a
sparser network.

Finally, the last scenario is indeed derived from the peculiar nature of Venice
and the artificial tweaking of the Delaunay triangulation. Nevertheless, similar
situations may arise in presence of highly vegetated areas, where town centers
constitute coherent clusters that are connected only through the pixels of the
roads, or in presence of islands. It is therefore of the most fundamental impor-
tance to pay extreme attention on the construction of the triangulation and on
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the quality of the pixels, especially of those connecting the clusters, as they might
affect the results over an entire area.
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Chapter 7

Conclusions

The first part of this work was devoted to presenting and analysing the basic
remote sensing concepts needed as foundations for the remaining of the thesis.
The Synthetic Aperture Radar concept was briefly discussed, followed by the ex-
planation of how it can be employed to obtain useful images, called Single Look
Complex (SLC) images, using spaceborn radars. The role of the SLC images in
the construction of interferometric images is then analyzed, along with the to-
pographic information that can be extracted from the latter. The introductory
section was then concluded offering an overview of the Persistent Scatterer Inter-
ferometry technique, that allows the monitoring of land deformation.

The second part opened on these premises to deal with the stochastic charac-
terization of the interferometric phase, that has been shown to play a central role
in all interferometric applications. A complete model has been presented, dedi-
cating special care to the quality parameters and the characterization of different
kinds of targets. This allowed to proceed further into the analysis of the Coherent
Pixel Technique (CPT) processing chain, that has been detailed to provide the
necessary information for the last and most important part.

The novelty of this work was presented in its last part. The previously de-
rived stochastic model of the interferometric noise was used as input to the CPT
chain in order to retrieve the noise characterizing the output results, namely the
DEM error and the deformation linear velocity. Building on a solid mathematical
framework, the uncertainty of the results is obtained in term of their covariance,
or, equivalently, their standard deviation.

The error propagation algorithm was firstly tested on a simulated scenario and
secondly on a real one, in the area of the city of Venice. The objectives of the ex-
periments were twofold: on the one hand, the pure testing of the proper working
of the algorithm and of its implementation. On the other, its application in order
to study the behaviour of the error in different scenarios. The algorithm provided
results in line with the expectations: in particular, from a visual inspection the
presence of the seed had noticeable effects on the neighbouring pixels through
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the triangulation. This latter was varied to obtain the different testing scenar-
ios: the maximum link distance was modified to build sparser graphs and pixel
masks where applied to artficially vary the network. The results showed that
the triangulation has a significant impact on the uncertainty of the estimated
quantities; in particular, some network topologies and densities have been shown
to completely compromise the reliability of the results. This has been proved to
be true also for the Venice dataset, that provided even clearer visualizations of
these effects. The peculiar topography of Venice was then exploited to exibit an
additional phenomenon: in presence of two clusters connected only by a small
number of pixels, these latter play a central role and, if compromised, can affect
the results on one whole area. A future line of work may follow to extend this on
the non linear block of the CPT, providing analogous results for the time-series
estimation uncertainty.

Drawing some final conclusions, the uncertainty propagation algorithm has been
shown to be correct. As it is of primary importance for these applications, that
measure the magnitude of deformations in the order of millimeters per year, to
know the realiability of the results, the presented tool can be useful for a large
number of users, producing reliability maps that should always be kept into con-
siderations when working with the actual CPT results. As a second result, it
opens future investigations on the behaviour of the error. The identification of
particular triangulation topologies that compromise the reliability of the results
can provide indications on whether an area can be analysed or not with a certain
sensor. In situations where the pixels are clustered, the algorithm can point out
the most sensitive areas as well as the most important pixels, for which a high re-
liability needs to be guaranteed. Many other considerations can follow and future
researches will hopefully help the developing of the SAR interferometry field.
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Appendix A

Optimization of the error
propagation algorithm

This appendix is devoted to a brief explanation of the implementation of the
error propagation procedure illustrated in chapter 5. It was deemed appropriate
to spend some words on this as the matrices involved in the processing can have
very large dimensions, making optimization a necessity.

The main idea behind the optimization is that there are two dimensions involved
in the covariance matrices: on one hand, a ”temporal dimension”, as each inter-
ferogram can be considered as a snapshot of the area and they are distributed in
the temporal and spatial baseline axes. On the other hand, a ”spatial dimension”
is determined by the pixels of a single interferogram or snapshot. For better high-
lighting the two dimensions, the elements of the matrix can be arranged in a stack
of I matrices, each of dimension P × P and containing the variance-covariance
values between pixels of a single interferogram. Thanks to this structure of the
input covariance matrix, this two dimensions can be processed separately. In
particolar, the most important characteristic of the interferometric pixels is their
indipendence across the interferogram stack, that makes the submatrices of the
block matrix in eq. (5.24) diagonal. Without this fundamental property, the
following reasoning would not be possible.

Applying this reasoning first to the (I · P ) × (I · P ) input covariance matrix,
one may observe that the ”projection” of the matrix on the spatial plain would
result in a P × P matrix containing the variance and covariance values of the
selected pixels in a given interferogram. Notice that this new P × P matrix is
dense and no longer diagonal.
Moving to the auxilary matrix necessary for the error propagation, consider first
the pseudo-inverse in eq. (5.32). Matrix G is computed as a Kronecker product,
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and therefore it is a block matrix that can be written as

G = IL ⊗ J =


J 0 0 · · · 0
0 J 0 · · · 0
... 0

. . .
...

...
0 · · · J

 (A.1)

Each matrix J has dimension I × 2. Notice that also in this case the J could be
decomposed in the two planes, but a further optimization can be applied in order
to reduce the computational load. Thanks to its block structure, the transpose
of G can be directly computed as:

GT =


JT 0 0 · · · 0
0 JT 0 · · · 0
... 0

. . .
...

...
0 · · · JT

 (A.2)

and the product GTG is the (2 · L)× (2 · L) block matrix

GTG =


JTJ 0 0 · · · 0

0 JTJ 0 · · · 0
... 0

. . .
...

...
0 · · · JTJ

 (A.3)

The computation of the inverse of the above product can be simplified as well,
considering that

(
GTG

)−1
=


(
JTJ

)−1
0 0 · · · 0

0
(
JTJ

)−1
0 · · · 0

... 0
. . .

...
...

0 · · ·
(
JTJ

)−1

 (A.4)

Finally, the whole (L · 2)× (L · I) pseudo-inverse is computed as

(
GTG

)−1
GT =


(
JTJ

)−1
JT 0 0 · · · 0

0
(
JTJ

)−1
JT 0 · · · 0

... 0
. . .

...
...

0 · · ·
(
JTJ

)−1
JT



=


Gsub
pseudo 0 0 · · · 0
0 Gsub

pseudo 0 · · · 0
... 0

. . .
...

...
0 · · · Gsub

pseudo


(A.5)

Note that the pseudo inverse, that will be indicated with the symbol Gpseudo,
is still a block matrix, whose 2 × I blocks Gsub

pseudo are all identical and can be
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computed just once in advance, saving a great amount of memory and time. Fur-
thermore, note that the two dimensions mentioned at the beginning of the chapter

can still be identified: each
[(

JTJ
)−1

JT
]

can be interpreted as a ”stack” of 2-

dimensional vectors containing information related to the baseline pairs (kTi , kBi)
associated to each interferogram.

The importance of the diagonality of the covariance submatrices comes into play
when multiplying the increment covariance matrix by the pseudo-inverse of G.
Note that the former is still a block matrix composed of diagonal matrices, as
the conversion from linear phase to increment involves only linear combinations
of the diagonal submatrices.

Consider then the P ×P submatrix Σi,j
∆ in position (i, j) of the increment matrix.

As just mentioned, this matrix is still diagonal, and can be fully represented by
its diagonal values. These latter can be collected in a P × 1 vector Σi,j

Delta,diag.
The left multiplication of the increment covariance matrix by the pseudo-inverse
can then be written as

GpseudoΣ∆ =


Gsub
pseudoΣ

1,1
∆ Gsub

pseudoΣ
1,2
∆ · · · Gsub

pseudoΣ
1,P
∆

Gsub
pseudoΣ

2,1
∆ Gsub

pseudoΣ
2,2
∆ · · ·

...
. . .

...

Gsub
pseudoΣ

P,1
∆ · · · Gsub

pseudoΣ
P,P
∆

 (A.6)

where each submatrix is a can be computed just using an elementwise product
between each of the two rows of Gsub

pseudo and Σi,j
∆,diag thanks to diagonality of the

second matrix. The result is a 2×I submatrix. Considering the whole expressione
for the linear increments matrix Σ∆v,∆ε, obtained from eq. A.6 right-multiplying
by the transpose of the pseudo-inverse matrix. Note that each row of the new
matrix is computed as the sum of elements with structure

Gsub
pseudoΣ

i,j
∆

(
Gsub
pseudo

)T
(A.7)

From the above considerations, eq. (A.7) can be rewritten as

K =
(
Gsub
pseudoΣ

i,j
∆,diag

) (
Gsub
pseudo

)T
(A.8)

where the left term has already been analysed. Note that the final result is a
2 × 2 matrix and the only important terms are the diagonal ones, representing
the variance of the velocity and DEM error rispectively. Therefore, considering
e.g. the first element of velocity increment variance, that is computed multypling

the first row of K by the first column of
(
Gsub
pseudo

)T
, the following expression
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holds:

Σ∆v,0 =
[
K0 K1 · · · KI−1

] 
[
Gsub
pseudo

]
0,0

...[
Gsub
pseudo

]
0,I−1

 =

=
[[

Gsub
pseudo

]
0,0

[
Σi,j

∆,diag

]
0,0
· · ·

[
Gsub
pseudo

]
0,I−1

[
Σi,j

∆,diag

]
0,I−1

]
[
Gsub
pseudo

]
0,0

...[
Gsub
pseudo

]
0,I−1


=

I−1∑
i=0

[
Gsub
pseudo

]2
0,i

[
Σi,j

∆,diag

]
0,i

(A.9)

from which two observations can be done: first, the matrix product can be substi-
tuted by a much easier sum of the elements of a column multiplied by a constant
scalar; second, it is this operation that performs the projection of the time (in-
terferogram) dimension on the image plane. From now on, all the matrices are
thus defined only for one image, differently whereas up to this point they kept
the ”stacked” structure. Practically, this means that the remaining part of the
algorithm needs much less memory and therefore optimization.

This reasoning basically allows to perform the computation using just one in-
terferogram at the time, greatly reducing the memory requirements. In this way,
in case of large clusters of selected pixels or highly connected triangulation it
is possible to save the interferograms on the disk memory, avoiding the more
stringent limitations imposed by the RAM memory.
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